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Global Existence for Coupled Systems of 
Nonlinear Wave and Klein-Gordon Equations in 
Three Space Dimensions 

W)! Soichiro Katayama 
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We consider the Cauchy problem for coupled systems of wave and 
■ Klein-Gordon equations with quadratic nonlinearity in three space di- 

mensions. We show global existence of small amplitude solutions under 
certain condition including the null condition on self-interactions between 
wave equations. Our condition is much weaker than the strong null con- 
dition introduced by Georgiev for this kind of coupled system. Conse- 
quently our result is applicable to certain physical systems, such as the 
Dirac-Klein-Gordon equations, the Dirac-Proca equations, and the Klein- 
Gordon-Zakharov equations. 
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1 Introduction 

06 

q ■ We consider the Cauchy problem for the following system: 

OV 

(n + m^) Ui = Fi(u,du,d x du), i = l,2,...,N (1.1) 

■ in (0, oo) x IR 3 with initial data 

w(0, x) — ef(x), (d t u)(0, x) = eg(x) for x = (xi,x 2 , x 3 ) G M 3 , (1.2) 

where □ = <9 4 2 — A x , u = (w.j)i<j<jv> rrii > for 1 < i < N, and e is a small 
and positive parameter. Here each component Uj of u is supposed to be a real- 
valued unknown function of (t,x) G (0, oo) x M 3 , and A x denotes the Laplacian 
in x-variables. In the above, du and d x du are given by 

du = (d a Uj)x<j<N >0 < a <3, 8 x du = (9jfc9 a Uj)x<j<jv,l<fe<3,0<o<3) 

respectively, with the notation 

d d 
d = d t = — and d k = — - for 1 < k < 3. 
at oxk 

Here, by writing (d a Uj)j^ a , we mean that d a u/s are arranged in dictionary order 
with respect to (J, a). Similarly, (dkd a Uj)j t k, a means that dkd a Uj's are arranged 
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in dictionary order with respect to (j,k,a). Similar convention will be used 
throughout this paper. We assume that, for 1 < i < N, each Fj = £',£") is 
a real-valued smooth function of (£,£',£") eR N x R 4N x M 12Ar , where f, f, and 
£" are independent variables for which u, du, and c^dit are substituted in (11.11) ; 
more precisely, if we write 

£ = (Ci)i<i<Af ^ £' = (£j- ia )i<j<Ar,o<a<3 ^ K 4JV , 

C" — (£j,fc,a)l<i<A r ,l<fe<3,0<a<3 £ K 12JV , 

then ^j, , and £j ifca are the independent variables for which iij, d a Uj, and dkd a Uj 
are substituted in (11.11) . respectively. We assume that F = (-Fj)i<j<jv vanishes of 
second order at the origin (£,£',£") = (0,0,0), namely 

= Oder + irr + in 2 ) around n = (0,0,0). 

For simplicity, we also assume that the system is quasi-linear. In other words, we 
assume that 

N 3 3 

FM,?,n =EEETS^')4 a + G,(eO. 1 < i < N, (1.3) 

j=l fc=l a=0 

where 7^ = 7^(£, £') and Gj = ^') are some functions vanishing of first and 
second order at the origin, respectively. Moreover, to assure the hyperbolicity of 
the system, we always assume the symmetricity condition 

7£(£,0 = 7j£(£,0 ^d 7 £(e,0 = 7,?(e,0 (1-4) 

for any (f , eR^x M 47V , 1 < i, j < N, 1 < k, I < 3, and < a < 3 (note that 
the last half of (11.41) is no restriction as far as we consider smooth solutions). 

For a while, we suppose that / = (fi)i<i< N , 9 = (9i)i<i<N e C^°(1R 3 ; R N ). 
Under the conditions (II. 3p and (11.41) . the classical theory of nonlinear hyperbolic 
systems implies local existence of smooth solutions to the Cauchy problem (II. ip - 
(ll.2p for sufficiently small e. Hence we are interested in the sufficient condition 
for global existence of small amplitude solutions. We recall the known results 
briefly. If the nonlinearity F vanishes of third order at the origin, (ll.ll) - (ll.2p 
admits a global solution for small e. For arbitrary quadratic nonlinearity F, 
we also have global existence of small solutions if (ll.ip is a system of nonlinear 
Klein-Gordon equations, namely m; > for alH = 1, . . . , N (see Klainerman [16] 
and Shatah [25] ; see also Bachelot [2] and Hayashi-Naumkin-Ratno Bagus Edy 
Wibowo [6]). On the other hand, this is not true for a system of wave equations, 
namely the case where mi = m 2 = ■ ■ ■ = = 0, and the solution to (II. ip - 
(II. 2p with certain quadratic nonlinearity F may blow up in finite time no matter 
how small e is (see John [ID] , [TT]). Thus we need to put some condition on 
quadratic nonlinearity, in order to obtain global solutions for wave equations. The 
null condition introduced by Klainerman [17J is one of such conditions. Before 
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describing the null condition, we introduce the following notation: For a smooth 
function $ = $ 0) (z G R d ), we write $^ 2 - ) for the quadratic part of more 
precisely, for a smooth function $ = $(2), we define 

^ {z) =Y: z=(z u ...,z d )eR d , (1.5) 

\a\=2 

where d z = (d zi , . . . ,d Zd ), a is a multi-index, and we have used the standard 
notation of multi-indices. The null condition can be stated as follows: 

Definition 1.1 (The null condition) We say that a function F = (i*i)i<*<jv 
of (f , £") Gl^x R 4Af x R 12N satisfies the null condition if each F (1 < z < iV) 
satisfies 

for any X = (Xj)i<j<N, A* = (/ i i)i<i<A r ; v = ( p j)i<j<N & R N , and any X = 
(X a ) <a<3 e M 4 safc/^na X 2 - X 2 - X 2 - XI = 0, ^ere F 4 (2) = if } (£,£',£") 
is £/ie quadratic part of Fj given fry (11.51) roi/i $ = F and 2 = (£,£',£"). 

If F satisfies the null condition, then we have global existence of small solutions 
for systems of wave equations (II. ip with mi = ■ ■ ■ = m N = (see Klainerman [17] 
and Christodoulou [3]). 

Klainerman used the so-called vector field method in [16] and [17]. But his 
method is not directly applicable to systems consisting of both wave and Klein- 
Gordon equations, because the scaling operator S = td t +Y^ = i Xkdk is compatible 
with the wave equations, but not with the Klein-Gordon equations. This causes 
some difficulty in the treatment of the null condition, and hence Georgiev [I] 
introduced the strong null condition to obtain global existence of small solutions 
for coupled systems of nonlinear wave and Klein-Gordon equations (see Section 
4 below for the detail), where F is said to satisfy the strong null condition if 
(I1.6P holds for any A, fi, v G and any X G M 4 not necessarily satisfying 

x$-x*-xi-x* = o. 

Our aim in this paper is to establish a global existence theorem for systems of 
the nonlinear wave and Klein-Gordon equations under more natural and weaker 
condition than the strong null condition, so that it can cover the previous results 
for wave equations and the Klein-Gordon equations, as well as some important 
examples from physics. 

2 The Main Result and Examples 

First we introduce some notation. Suppose that we can take some natural number 
Ni such that we have 

nit > for 1 < z < Ni, and m, = for iVi + 1 < i < N (2.1) 
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in dTTJ. We set 

v = ( v j)l<j<Ni ■= (Uj)l<j<Ni and w = ( w j)l<j<N 2 '■= («iVi+i)l<i<iV 2 , (2.2) 

where N 2 = N — Ni, so that u = (ui, . . . , Wjvd wjv 1+ i, . . . ,Un) = (v,w). Note 
that each i> 3 -(= «•/) satisfies a nonlinear Klein-Gordon equation, while each Wj(— 
UN 1+ j) is governed by a nonlinear wave equation. In accordance with (12.21) . we 
introduce independent variables (77, C) e M^ 1 x R^ 2 , (77', C') e M 47Vl x M 4Ar2 , and 
(77", C") G M 127Vl x M 12Af2 to write 

£ = (Cj)i<j<jv =: (v7.j)i<j<iVij (Ci)i<j<JV 2 ) — (^jO) 

£' = (£j,a)l<j<AT,0<a<3 =: ((^>)l<i<iVi,0<a<3, (Cj,a)l<j<W 2 ,0<a<3) = 
£ = (£j'fc,a)l<i<iV,l<fc<3,0<a<3 

)l<J<iVi,l<fc<3,0<a<3, (Cj'fc,a)l<j<A r 2,l<fc<3,0<a<3) — (v"X")- 

Correspondingly, we write du = (dv, dw) and d x du = (d x dv, d x dw). For a smooth 
function $ = $(£, £',£"), we define 

^ (w) (C,C',C")=<& (2) ((^0,(V,O,(V',C")) , , „ w , (2-3) 

v (rirf ,77")=(0,0,0) 

for (CC'jC") e ^ x M47V2 x ffi 127V2 , where $( 2 ) is the quadratic part of $ given 
by d£lD with 2 = (£,£',£")■ 

Now we are in a position to state our main result. 

Theorem 2.1 Suppose that (11.31) . (II. 4p . and (12. ip are fulfilled. Assume that the 
following two conditions (a) and (b) /10/d: 

(a) (Fj ) N + i<i<jv sa ^ s fi es the null condition, 

(b) There exist two (empty or non-empty) sets X\ and I2 satisfying 

X 1 UJ 2 = {l,...,iV 2 }, x 1 nx 2 = 0, (2.4) 

and the following: 
(b-i) For any fcgli, we /iai>e 

<9F (2) / 8F {2) \ 

^((v,o,(v',a(v",c")) ( = |^(^r,nj =0 (2.5) 

for all 1 = 1, . . . , N, and all (£, £") el N x M 4JV x M 12iV . 

(b-ii) For any k G X 2; i/iere exzsi some functions Qk,a — Gk,a{£,£') with 
< a < 3 such that 



d x d<f>) = y %2d a {g kta (<f>,d<i>)} (2.6) 



JVi+A:^, uy, U x 

a=0 



holds for any <p = (f>(t, x) G C 2 ((0, oo) x R 3 ; R N ) , and 
8G {2) ( dQ m \ 

-i^((v,0,(v',C')) = 7* =0 ' °< a < 3 ( 2 - 7 ) 

holds for all I G X lf and all (£,£') G R w x R 4JV , where Q® a is the 
quadratic part of Q k a . 

Then, for any f ', g G ^(R^R^), there exists a positive constant such that 
for any e G (0,£o] the Cauchy problem fll.ip - fll.2p admits a unique global solution 
■u G C°°([0, oo) x R 3 ; M, N j . Here S denotes the Schwartz class, the class of rapidly 
decreasing functions. 

Here and hereafter, we say that (Ft).. 11 ,.^. 7 satisfies the null condition, if 

J \ 1 I Ni+l<i<N 

each F/ W) = F. (W) (C, C, C") with Ni + 1 <i < N satisfies 

F^ (A, {X a fij)i<j<N 2 ,0<a<3, {XkX a h>j)i<j<N 2j i<k<3,0<a<3) = 

for any A = (Xj)i<j<N 2 , V = {^j)i<j<N 2 ^ v = (vj)i<j<N 2 G R^ 2 , and for any 
X = (X a ) < a < 3 G R 4 satisfying X 2 - X\ - X\ - X\ = 0. Notice that the null 

structure is required only for iy with N± + 1 < i < N in Theorem 12 . 11 We 
define the null forms Qo and Q a b by 

QoM) WO - (V^) • (V^), (2.8) 

Qabfaip) ^daipHW) - (db<p)(d a ij>), 0<a<6<3, (2.9) 

where = 82, d^), and • denotes the inner product in R 3 . Then we can 
easily check that the assumption (a) in Theorem 12 .11 is equivalent to the following 
condition (refer to [T7] for instance): 

(a') There exist some constants A^ k and Bfj^ such that 



F/ W) (w, dw, d x dw) = A $kQoi&*w j , d p w k ) 



l<j,k<N 2 
0<\a\,\/3\<l 



+ E E B^fQ ab (d a w v d^w k ) (2.10) 

l<j,k<N 2 0<a<fe<3 
0<|a|,|/3|<l 

holds for any i = N± + 1, . . . , N, and any C 2 -function w = (w±, . . . , Wn 2 ), 
where d a = d£° d^ 1 d£ 3 for a multi-index a = (a , «i, «2, «3)- 

The condition (b) in Theorem 12.11 is assumed in order to compensate for 
bad behavior of the solutions to the wave equations, as compared with their 
derivatives: Let u = (v,w) be the solution to fll.ip . The condition (b-i) says 
that if k G Xi, then all of F^ 2 \u,du } d x du) can depend on (dw k} d x dwk), but 
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not on Wk itself (remember that Cfc( = £iVi+fc) is the variable corresponding to 
Wk(— UjVi+fe))) while the divergence structure in the condition (b-ii) assures that 
for each k € Z 2 , behaves better than we can expect in general (see Lemmas 
13. 61 and 1X71 below; observe that the equation for iu&(= ttjvi+fc) with G Z 2 in (II. ip 
is Dw/c = F^r 1+ k(u, du, d x du) = J2 3 a =o^ a {Gk,a(u,du)}). Here we remark that the 
condition (b-i) does not imply (12.71) for (l,k) E I\ x J 2 in general, because we 
have 

2Q ab (<p, if)) = d a {ip(d b if)) - (d b ip)if)} + d b {(d a ip)if) - ip{d a lf))} (2.11) 
for example. 

To help the understanding of our condition, we give a typical example here. 
In what follows, for a finite family of functions {0a}a€A and a function if), we 
write if) = J^ AgA 0a if there exists a family of constants {ca}a€A such that if) = 
Sasa c a0a- Let u = (v,w) = (v,Wi,w 2 ), and let m be a positive constant. Then 
the assumption in Theorem 12.11 is fulfilled with T\ = {1} and X 2 = {2} for the 
following semilinear system: 



w 2 



(□ + m 2 )v = 

\a\,\P\<l \a\<l \a\,\P\<l 

0<b<3 

+ Y! (d a w 1 )(d b w 1 ) + ^'(^i)(«9^ 2 ) 

0<a,6<3 0<a<3 

I/3|<1 

+ Y! (d a w 2 )(d^w 2 ) + H 1 (u, du), (2.12) 

M>l/3|<1 

Uw x = Y! (d a v)(d (5 v)+ ^'(9V)(<9 6 u; 1 ) + Y! (^X^VO 

|a|,|/9|<l |a|<l |a[,[/9|<l 

0<6<3 

+ Y Qo( w j, w k)+ Y Qab(wj,w k ) + H 2 (u,du), (2.13) 



j,k=l,2 j,Jfc=l,2 
0<a<b<3 
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Uw 2 =Y d - ( C ^ v2 + C 2,aVW 2 + # 3 ,«(«)) , (2.14) 

a=0 

where Cj^s are real constants, while H±, H 2 , and H 3 a are smooth functions in 
their arguments satisfying H\(u, du), H 2 (u, du) = 0(\u\ 3 +\du\ 3 ) near {u, du) = 0, 
and H 3>a (u) = 0(|w| 3 ) near u — 0. 

Now we would like to see the relation between our theorem and the previous 
results. When mi > for all i — 1, . . . , N, by regarding v = u, and by neglecting 
the meaningless conditions (a) and (b), Theorem 12.11 covers the previous results 
in [16] and [25] for nonlinear Klein-Gordon equations. Similarly, when = for 
all % = 1, . . . , N, by regarding w = u and iVi = (thus is regarded as F^ 2 " 1 for 
1 < i < N), it also covers the previous results in |3j and [17] for nonlinear wave 
equations; note that the condition (b) for this case is automatically satisfied under 
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the condition (a), because f)2.10p implies (b) with X\ = {1, . . . , iV} and X 2 = 0. 
It is easy to show that the strong null condition is satisfied if and only if each 
(1 < i < N) is a linear combination of Q a b(d a Uj, d^u^) with 1 < j, k < N, 
\a\, \(3 1 < 1 and < a < b < 3. Hence our conditions (a) and (b) are much weaker 
than the strong null condition in [I]. Note that some case of variable coefficients 
is also treated in [4], but we can easily modify our conditions (a) and (b) to treat 
such case. 

The main difficulty in the proof of Theorem 12.11 lies in the fact that we can 
only use the vector fields which are compatible with both wave and Klein-Gordon 
equations. To prove Theorem l2.ll instead of the weighted L 2 -L°° estimate derived 
in [I], we use weighted L^-L 00 estimates for wave equations (see Lemma 13.41 
below), which require a smaller set of vector fields than the admissible set of 
vector fields for the Klein-Gordon equations. We also need some estimates for 
null forms without using the scaling operator S, which will be given in Lemma HTTl 
below. To treat F^ with 1 < % < Ni, for which the null condition is not 
assumed, we adopt a technique used in Y. Tsutsumi [29] , where the Dirac-Proca 
equations are considered (see fl2.18p - fl2.19p below). This technique is motivated 
by Bachelot [2 J and Kosecki [T9] . and it is closely related to the normal form 
technique in Shatah [23]. We will prove Theorem 12.11 in Section 5. 

We conclude this section with some examples from physics which can be 
treated by Theorem 12.11 Note that all the following examples are semilinear 
(or can be regarded as semilinear), and the conditions fll.3p and (11.41) in Theorem 
12. II are trivially satisfied. Thus we only have to check the conditions (a) and (b). 

Example 1 (The Dirac-Klein-Gordon equations) Let us consider the Dirac 
equation coupled with the Klein-Gordon or wave equation: 

3 

-V^lJ2^ ad ^ + M ^ =V = lc^ 75 V>, (2.15) 

a=0 

(U + m 2 ) V =ip* Hifj (2.16) 

in (0, oo) x M 3 , where denotes the imaginary unit, M,m > 0, c is a real 

constant, H is a 4 x 4 Hermitian matrix, ip is a C 4 - valued function, (p is a real 
valued function, and ip* denotes the complex conjugate transpose of if). 7 a (0 < 
a < 3) in the above are 4x4 matrices satisfying "ialb + lbla = ^Qabl for < a, 6 < 
3, where / is the 4x4 identity matrix, and (g a b)o<a,b<3 = diag(l, —1, —1, —1); 75 
is defined by 75 = - v / -l7o7i7273- 

We set = ±^/^lYf a =o 7cA + MI. Since we have 7^5 = - 757 a for 
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< a < 3, we get -0^75 = ls-D M . Therefore, operating to (12.151) . we get 

3 

(□ + M 2 ) V =V=Ic£>+ (^VO = -C^(9 a ^) 7 a75^ + v^c^sPm^) 

a=0 

3 

= - c^(<9 a <^)7 a 7 5 V> - cV 2 ^, (2-17) 



a=0 



where we have used (12.151) and 7575 = / to obtain the last identity. If M > 
and m > 0, the system fl 2 . 1 6 j) — f f2 . 1 7f) is a system of the nonlinear Klein-Gordon 
equations, and we have the global solution. When M > and m = 0, putting 
u = (f , w) with f = (Reip,lmip) and w(= Wi) = if, we see that the conditions 
(a) and (b) are satisfied for the system (12 . 1 6[) — (12 . 1 7j) . and thus Theorem 12.11 is 
applicable; more precisely the condition (b) is satisfied with X\ = {1} and X 2 = 0- 
The global existence result for this case where M > and m = 0, with compactly 
supported initial data, has been already obtained by Bachelot [2]. Moreover, we 
can also treat the case where M = and m > 0. Indeed, the first identity 
in (I2.17P with M = can be read as Dip = — cj^ =0 7a<9 a (v ? 75' ? / ; )> an d putting 
u = (wi)i<i<9 = (v,w) with v(= vx) = (f and w = (u> fc )i<fc<8 = (Reipjmip), we 
can verify the conditions (a) and (b) with X x = and X 2 = {1, . . . , 8}. This last 
case is closely connected to the next example, the Dirac-Proca equations. 

Example 2 (The Dirac-Proca equations) Y. Tsutsumi [29] proved the global 
existence of small solutions to the Dirac-Proca equations, which can be reduced 
to the following coupled system of the massless Dirac and the Klein-Gordon equa- 
tions: 

3 ^3 

~V^lJ2^ 9 ^ = - 2 J2^ A ala(I + l 5 )^, (2.18) 
a=0 a=0 

(□ + m 2 )A a =^*7o7a(/ + 75)^, a = 0,1, 2, 3 (2.19) 

with the constraint Y2t=o daA a — at t — 0, where m > 0, ip is a C 4 -valued 
function, and A a for < a < 3 are real-valued functions. /, 7 a (a = 0, 1, 2, 3, 5) 
and (g a b) are as in the Dirac-Klein-Gordon equations. In a similar manner to 
( 127171) with M = 0, from (127181) we obtain 

□V = -~V-tJ2 9b [j29aaAalbla(I + l 5 m • (2.20) 
b=0 \a=0 J 

Putting u = (v,w) G M 4 x M 8 with v = (v4 a ) < a <3, and w = (Re^, Imip), we 
find that the conditions (a) and (b) hold for the system (I2.19p - (I2.20I) . and thus 
Theorem 12. II is applicable; more precisely (I2.20p implies that (b) is satisfied with 
Ji =0 andX 2 = {1,...,8}. 
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Example 3 (The Klein-Gordon-Zakharov equations) Ozawa-Tsutaya 
-Tsutsumi [23] and Tsutaya [28] proved the global existence of small solutions 
to the Klein-Gordon-Zakharov equations: 

(□ + 1)«=-Hu, (221) 
□n = A^-up 

in (0, oo) x M 3 , where 57 = (mi, m 2 , m 3 ) is a C 3 -valued function, and n is a real 
valued function (see also Ozawa-Tsutaya-Tsutsumi [24j for the multiple speed 
case). 

By setting ^ = ReWj, v i+3 = Im57; (1 < i < 3), w 3 i+3+fe = d k Vi (1 < z < 6, 1 < 
fc < 3), and w(= w\) = 57, we see that solving (I2.2ip is equivalent to solving 

(□ + l)vi = —wvi, 1 < i < 6, 

(□ + l)v 3i+3+k = -w{d k Vi) - (d k w)v h 1 < z < 6, 1 < A; < 3, (2.22) 

nw = Yfj=l d j YS=l 2(fjf3i+3+j + V i+3 V 3i+12+ j). 

Note that the system (12.221) is a semilinear system of 

U = . . . , U 25 ) = (Vl, . . . , t>24, »i) = (^, w)- 

The conditions (a) and (b) (with X\ = and I 2 = {1}) are satisfied for (12.221) . 
Hence we can apply Theorem 12. II to show the global existence of small amplitude 
solutions to (jzil]). 

Example 4 The last example is not from physics, as far as the author knows. 
This example shows that some change of unknowns may help us to apply our 
theorem. Consider 

Dw = v 

in (0, oo) x IR 3 . We can treat this example in the following way, though it does 
not explicitly satisfy the assumption of Theorem 12.11 Set v = v — w 2 (cf. f )5.45j) 
below). Then we get 

(□ + 1)5; = -2Q Q (w, w) -2w(v + w 2 f , 
Dw = (57 + w 2 ) 2 

(cf. (15.511) below). This system (12.241) satisfies the assumption in Theorem 12.11 
with u = (y,w) = (vi,wi), I\ = {1}, and 1 2 = 0. Thus we get a global solution 
(v, w) to (12.241) for small data, and accordingly we obtain a global solution (v, w) 
to the original system (I2.23p . 
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3 Preliminary Results 

In this section, we gather the known estimates for the wave and Klein-Gordon 
equations. Throughout this paper, we write (z) = a/1 + \z\ 2 for z G M. d , where d 
is a positive integer. 

We start this section with the well-known energy inequality for hyperbolic 
systems. 

Lemma 3.1 Let rrii > for 1 < % < N, and T > 0. Suppose that 7 = (7^) be 
a smooth function satisfying 

iZM =7&x), ^i(t,x) =7£(*,x), (f,s) G (0,T) x R 3 
/or 1 < i, j < N, 1 < k, I < 3 ; and < a < 3. We a/so assume that 



E E m*)^ 

i<i,j<N l<k,l<3 



<\ E E i^i 2 > (*^)e(o,r) 



2 

l<i<iV Kfe<3 



X 



/or any (£-, fc )i<i<JV,i<fc<3 G ^ 3JV - 

Lei (/? = (</?!, . . . , </?jv) £ne solution to 

(□ + m, 2 ) ^ " E E itLifrdaW) = ^ in (0, T) x R 3 , 



0<a<3 



<Pi(Q,x) = <Pi(x), (d t ifi)(0,x) = <p}(x), x G 



D3 



for 1 < 1 < N, where y? = {$)i<i<N G H\R 3 ;R N ), y? 1 = (<p})i<i< N G 
L 2 (R 3 ; R N ), and $ = ($ i ) 1 < i < JV G L 1 ((0, T); L 2 (R 3 ; R^)) . 

Then, there exists a positive constant C , which is independent ofT, such that 



N 



J2(\\d^(t)\\L^ + m t y t (t)\\ L 2) 



i=i 



<ciy 



+ + /'iIWIIl- ||^(r)|| L2 rfr+ /V(t)IU^t 



forO<t<T. 



Before we proceed to the decay estimates of the solutions to the Klein-Gordon 
and wave equations, we introduce the vector fields flj and Lj for 1 < j < 3 by 

Q =(fii, fi 2 , ^3) = x xV x = (x 2 d s - a; 3 <9 2 , x^di - £i<9 3 , xi9 2 - £ 2 <9i), (3.1) 
L =(Li, L 2 , L 3 ) = xd t + tV x = (xid t + td 1 ,x 2 d t + td 2 , x 3 d t + t<9 3 ), (3.2) 

where V z = (<9i, <9 2 , <9 3 ), and x is the external product in R 3 . Writing d = 

(d a ) <a<3, we set 

Z — {Zli • • • j Z w ) = ((%)l<j<3) (£?)l<?<3, (^a)o<a<3) = (^j A 9). (3.3) 
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Note that we have 



[Lj, □ + m 2 ] = [Qj, □ + m 2 ] = [d a , □ + m 2 ] = 0, 1 < j < 3, < a < 3 (3.4) 

for m > 0, where [A, B] = AB — BA for operators A and B. Hence the vector 
fields Z = (Q, L, d) are compatible with the Klein-Gordon equations, as well as 
the wave equations. Here we note that we have 

3 10 

[Zj, da] = C b ad ^ Z ^ = D i kZl > 1 < < !0, < a < 3 (3.5) 

6=0 1=1 

with appropriate constants C 3 b a and Dj ' . For a multi-index a = (a±, . . . , «io), we 
write Z a = Z" 1 ■ ■ ■ Zf 10 . For a function <p(t,x) and a nonnegative integer s, we 
define 

W,*)l. = £ I^VMI, IM*)II.= E ll^ftOL^,. (3.6) 

|a|<s |o|<s 

Using these vector fields Z = (f2,L, <9), Klainerman [16j obtained the decay 
estimate for the solutions to the Klein-Gordon equations. This estimate has 
been modified and extended by many authors (for instance, see Bachelot [2J, 
Sideris [25] , Hormander [SJ, and Georgiev [S]). Here we state the estimate ob- 
tained in [5|: Let Xj U > 0) be nonnegative C 3O (M)-functions satisfying 

oo 

^•(r) = 1 for r > 0, (3.7) 

3=0 

supp Xj = [2 i-1 , 2 i+1 ] for j > 1, and supp xo H [0, oo) = [0, 2]. (3.8) 



Lemma 3.2 Lei m > 0, and v be a smooth solution to 

(□ + m 2 ) v(t, x) = $(t, x), (t, x) G (0, oo) x R 3 . 
Then there exists a positive constant C = C(m) such that we have 



(t+\x\f 2 \v(t,x)\ <CJ2J2 SU P Xi(r) || (r+ | • |) Z"S(r, ■) \\ L2 

j=0 |a|<4^[°' t l 



+ c zZ E||(-) 3/2 ^(i- d^(o, -)| L2 _ (3 - 9) 

j=0 \a\<S 



for (t, x) G (0, oo) x M. 3 , provided that the right-hand side of (\3.9\i is finite. 
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For the proof, see Georgiev |5| Theorem 1] . 

Now we turn our attention to the wave equations. In [IT] , a weighted L^-L 00 
estimate for the wave equation is derived (see also Hormander [7]), where the 
scaling operator S = td t + x ■ V x as well as Z = (fl, L, d) is used. Since we 
have [S, □] = —2D, the scaling operator S is applicable to the wave equations, 
but it is incompatible with the Klein-Gordon equations. Therefore Georgiev ([I]) 
developed a weighted L 2 -L°° estimate involving only Z. On the other hand, there 
is also a large literature on the study of systems of nonlinear wave equations with 
multiple speeds of the form 

D Ct Ui = Fi(u, du, d x du), l<i<N, 

where q > (1 < i < N) and D c = d\ — c 2 A x (see, for example, |X3] and 
the references cited therein). In the study of this kind of system, the vector 
field method using only (S, Q, d) has been developed, because L = (£j)i<j<3 is 
incompatible with such system (observe that [Lj, D c ] = 2(c 2 — l)d t dj has no good 
property when c ^ 1). Especially, in Yokoyama [30] and Kubota-Yokoyama [22] 
(see also the author [12]), weighted L^-L 00 estimates requiring only (Q, d) are 
adopted to prove some global existence results under the null condition (the 
origin of these estimates can be found in John [10] and Kovalyov [20]; see also 
Kovalyov- Tsutaya [21]). We will employ these L^-L 00 estimates in the proof of 
Theorem 12.11 because they require only (f2, d) and are easily applicable to the 
coupled system of the wave and Klein-Gordon equations. Here we note that S is 
still used in the arguments in [3D], [22j and [12] to treat the null forms (see (14. lip 
below) . 

To state the weighted L^-L 00 estimates, we define 

( (t + rf if p < 0, 

W P (t,r) = l {log (2 +(t + r)(t-r}- 1 )y l if p = 0, (3.10) 
{(t-r) p if p > 0. 

We also introduce 

W-{t,r) = mia{{r),{t-r)}. (3.11) 
For the homogeneous wave equations we have the following: 
Lemma 3.3 Let w be a solution to 

Dw(t,x) = 0, (t,x) G (0,oo) x R 3 

with initial data w = w° , dtw = w 1 at t = 0. 

Let k > 0. Then, there exists a positive constant C = C(k) such that 

(t+\x\)W K - X (t,\x\)\w(t,x)\ 

<c sup ( y ) K l(y) \ ( d >°) (v)\ + \y\ \ w \y)\ ] (3.12) 



\y-x\<t 



\a\<l 
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for (t, x) G (0, oo) x IR 3 , provided that the right-hand side of (13.121) is finite. Here 
O x = {di, 82,03), and we have used the standard notation of multi-indices. 

This is essentially proved in Asakura pQ Proposition 1.1] (see also p^5l Lemma 
3.1] for the expression above). 

The following weighted L^-L 00 estimates are the special cases of the estimates 
obtained in Kubota-Yokoyama J22J Lemma 3.2] (see also Katayama-Kubo [Til 
Lemma 3.4] for the expression below): 

Lemma 3.4 Let w be a solution to 

Uw{t,x) = ty(t,x), (t,x) G (0,oo) x M 3 

with initial data w = OtW = at t = 0. 

Suppose that p > 0, k > 1, and p. > 0. Then there exists a positive constant 
C = C(p, k, p) such that 

(t+lxD^W^it^xDlw^x)] 

<C sup sup \y\{r + \y\f- p+ ^W^\y\) 1 -^{r,y)l (3.13) 

re[0,t] \y-x\<t-T 

(t+ \x\)~ p (x) (t- \x\) K \0w(t,x)\ 

<Csup sup \y\(r+\y\) K - p ^W4r,\y\) 1 -' 1 ]T |^*(r,y)| 

re[0,t] \y-x\<t-r |a|+|/3[<l 

(3.14) 

for (t,x) G (0,oo) x M. 3 , provided that the right-hand sides of (13.131) and (I3.14p 
are finite. Here = (Oo, 0\, O2, O3), and fl is given by (13.11) . 

The following Sobolev type inequality will be used to combine decay estimates 
with the energy estimates (see Klainerman [18] for the proof): 

Lemma 3.5 For a smooth function (p on R 3 ; we have 

sup (x) \<p(x)\ <C J2 ll^ ^L 2(R3) , (3-15) 

x€R3 \a\ + \fS\<2 

provided that the right-hand side of (13.151) is finite. Here C is a universal positive 
constant. 

We conclude this section with some observation on the wave equations of the 
following type: 



{U^{t,x) = E 3 a= da^a(t,x), (t, x) G (0, OC)) X 

\if)(0,x) = i/; o (x), (O t if))(0,x) =i[> 1 (x) 



x G 



(3.16) 



For < a < 3, let tp a = ip a (t,x) be the solution to Oip a = \l/ a with initial data 
ip a = O t ip a — at t — 0, and let ip{{t,x) be the solution to Q?/>f = with initial 
data i/jf = ip° and (0 t 4>f) = ip 1 — \I/o(0, •) at t — 0. It is easy to verify that the 
solution if} to (13.161) can be written as if) = Y^l=o a ^a + • Therefore, we can 
essentially regard if) as derivatives of solutions to some wave equations, and if) 
enjoys better estimates than we can expect in general. 



13 



Lemma 3.6 Let if) be the solution to (13.161) . Then we have 

\m,-)\\L H m <c(W| L2(M3) + H^IUs^s) + ll^o(o,-)ll 

+ CJ2 /Va(r, yy^dr, (3.17) 

a=0 J ° 



provided that the right-hand side of (13.171) is finite. 

Proof. We have ||^|| L a < Y^Lo H^alU 2 + ll^f IU 2 - Hence (T37TTT) follows from the 
energy inequality (cf. Lemma 13. ip for ip a (0 < a < 3), and the L 2 -estimate for ipi 
(see Strauss [27] for example). 

Lemma 3.7 Let ip be the solution to (13 . 1 6j) . Suppose that p > 0, k > 1 and 
fi > 0. Then we have 

(t + \x\y p (x) (t- \x\) K \^(t,x)\ 

<Csup sup \y\(r+\y\) K - p+fl W4r,\y\) 1 ^ ^ \d a Q^ a {r,y)\ 

re[0,t] |y-a|<t-T M + |0|<1 

0<a<3 

+ c sup (y)^ 1 -' f ( y > £ |(W°)(v)| + lvl |^(y)| ] ■ (3-18) 



\y—x\<t 



\a\<l 



Proof. The estimates for i\) a corresponding to (I3.18P are proved in [22] (in fact, 
(13.141) is obtained as a corollary to these estimates for ip a in [22]). Using Lemma 
13.31 to estimate ipf, and noting that we have 

(y) K+1 - p \y\ |*o(0,y)| = {|y| (t + |y|) K -^W_(r, lyD^l^oCr.y)!}^, 
we obtain the desired result immediately. 



4 Estimates for the Null Forms 

In this section, we will derive some estimates for the null forms. We set r = \x\, 
u = (o>i,a>2jk'3) with cjj = Xj/r for 1 < j < 3, and d r = u ■ V x . = Y^=i u j^j- 
Then we have 

V x = ud r -r~ l (uj x Q), (4.1) 

where Q is defined by (ETIjl . Since (EHJ) and (Q yield tr^fi = uj x L, the 
expression ( 14. lft implies 

(* + r)(V t -w^) = -wx(n + wxI). (4.2) 
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From (14. 2p . we obtain 



3 

fc=i 

+ ]T |Q^, V)| < C (t + r)- 1 (|^||^| + (4.3) 

i<i<fc<3 

at G [0, oo) x IR 3 , where 

Q r ad (^) = (d tV ){d t ^) - {d r <p){d r ij>), Q^W) = (d t cp){d r iP) - {d r( p)(d t iP), 

Z is given by (13. 3p . and C is a positive constant. Putting L r — lu ■ L — rd t + td r , 
we get 

(* + r)Q%?(<p, = (PtV ~ d r <p)(L r iP) - (L r <p)(dtip - M). (4.4) 

From (14. 3 p and (14.41) . we obtain 

\Qabb, n < C (t + r)- 1 (\Z<p\ + \d<p\ \Zj>\) (4.5) 

for < a < b < 3 at (t, x) G [0, oo) x R 3 , where C is some positive constant. 
Thus we only need the vector fields Z = (ft, L, d) to obtain the extra decay factor 
(t + r) _1 for terms satisfying the strong null condition. 

To treat the null form Q , we introduce d± = d t ± d r . Then we get 

QS"W) = \ ((d+<p)(d^) + (ft-^CMO) • (4-6) 

As we will see below, estimates of d + ip and d + ip are important in deriving en- 
hanced decay for Q . Note that we also have 

QlfM) = (d+<p){d r ip) - (d r <p)(d + 1>). (4.7) 

Rewriting d + as 

d + = (t + r)-\S + L r ) (4.8) 
with S = td t + x ■ V x = td t + rd r , from (14. 3p and (I4.6|) we obtain 

iQofa, n<C(t + r)- 1 (\T<p\ + \d<p\ |r^|) , (4.9) 

where Y = (S, Z) = (S, L, Q, d). The estimate (14. 9 j) was used in Klainerman [17], 
and the usage of S in (14.91) makes it difficult to treat the null form Q included in 
coupled systems of the wave and Klein-Gordon equations, and this is the reason 
why the notion of the strong null condition was introduced in [I] . 

Before we proceed to our new estimate for Qq, we introduce another kind of 
known estimate for the null forms here. If we only use (14.11) . then we find that the 
left-hand side of (14. 3 j) is bounded from above by C (r)~ x (\Z'(p\ \dtp\ + \d(p\ \Z'ijj\), 
where Z' = (Q,d). Hence, writing 

d + = r- 1 (S-(t-r)d t ), (4.10) 
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we get 



\Qo(<p,4>)\ <C(r) - X (|rV| \dil>\ +\d<p\ |rV| +(t-r)|^| (4.11) 

where T' = (S,Q,d). Similar estimate can be obtained for Q ab in view of (14.71) . 
These estimates are used in the study of systems of wave equations with multiple 
speeds because L is incompatible with such systems (see Hoshiga-Kubo [9J and 
Yokoyama J3UJ for example). As we have mentioned in the previous section, the 
estimate (14.111) is the point where S comes in the arguments of [30] , [22] and [12] , 
though the weighted L^-L 00 estimates (cf. Lemma 13.41) are free of S. 

In Katayama-Kubo [13], for the <9 + -derivative of the solution to the wave 
equation, a weighted L^-L 00 estimate with a better decay factor than (13.141) is 
directly obtained through an explicit expression of the solution (without rewriting 
<9_|_ by the other vector fields), and the null forms are treated using only Z' = (O, d) 
(see also [H]). We can adopt this approach in jTJ] to systems of the wave and 
Klein-Gordon equations because the required vector fields Q and d are admissible. 
However we take another approach here since we can use the vector field L; 
motivated by (14.101) . we rewrite d + as 

d + = (t + r)- 1 (2L r + {t- r)d t - (t - r)d r ) . (4.12) 

Then, by (TOD, (gSD and (Q2]l . we obtain 

\Qo(<P, n^Cit + r)- 1 (\Z<p\ + \d<p\ \ZiP\ + {t-r) \d<p\ |^|) (4.13) 

at (t,x) E [0,oo) x IR 3 . 

For any multi-index a, we can easily check that Z a Qo(ip,ip) can be written 
as a linear combination of the null forms Qo(-Z / V, Z 1 ^) an d Q c d{Z^(f, Z^ip) with 
\/3\ + \j\ < | ct | and < c < d < 3. The same is true for Z a Q a b((p,ip) (0 < a < 
b < 3). Therefore, (14. 5p and (14. 13j) yield the following: 

Lemma 4.1 Let k be a nonnegative integer, and let Q be one of the null forms 
Qo and Q a b with < a < b < 3. Then we have 

(t+ \x\) \Q((p,il>)\k <C(|^|[jfc/ 2 ]+i|9^|fc + Mfc+i|<9^l[&/2]) 

+ C r (|9^|[*/2]|V'|A+1 + |^|fc|^|[fe/2]+l) 

+ C (t- \x\) (\d(p\ [k/2] \dip\ k + \d(p\ k \dip\ [k/2 }) 

at (t,x) G [0, oo) x M 3 for any smooth functions and ip. Here C is a positive 
constant depending only on k, \ ■ \ s is given by (13. 6p for a nonnegative integer s, 
and [m] denotes the largest integer not exceeding the number m. 



5 Proof of Theorem 2.1 



In this section, we will prove Theorem 12.11 
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Suppose that all the assumptions in Theorem 12.11 are fulfilled. We can easily 
obtain the local existence of the classical solutions to fll.ip - fll.2l) for small e. 
Moreover, we see that the local solution u exists as far as X/i«|<2 ll^ Q,u (A ')IIl°°(]R 3 ) 
stays finite (see Hormander [8] for instance). Hence what we need for the proof 
of Theorem 12.11 is such an a priori estimate. Let u = (tii)i<i<iv = (v,w) be the 
local solution to (jl.lj) — (jl.2p for < t < T with some T > 0, where v and w are 
given by (12. 2p . If both T\ and X 2 in the condition (b) are non-empty, without loss 
of generality we may assume that X\ = {1, . . . , N 3 }, and X 2 = {iV" 3 + 1, . . . , N 2 } 
with some positive integer N3. Correspondingly, we write 

w = (^fe)i<fc<7v 2 = U^ l) )i< fc <jv 3 , (^i u) )i<fc<7v 4 ) = (w {l \w (u) ) , 

where iV 4 = N 2 — N 3 . If X 2 (resp. Xy) is empty, then we put w^ 1 ' = w (resp. = 
w), and (resp. w^ 1 ') should be neglected in what follows. 

For a nonnegative integer a, and a positive constant p, we define 

d a #{t,x) =(t+ \x\) 3/2 \v(t,x)\ a+2 + (x) (t - \x\) \dw(t,x)\ a+x 

+ (t+ \x\) (W (t, \x\)\w®(t,x)\ a+2 + W_(t, [xiy-Plw^^x)^) 

for (t,x) G [0,T ) x M 3 , where | • | s , W , and W- are given by (J3J1, fl3TT0l) . and 
(13.111) . respectively. 

For a smooth function ip = tp(x) and a nonnegative integer s, we set 

\ 1/2 / r \ 5/6 N 

Ml*- = YAi I I {x) s+2 d a Mx)\ 2 dx\ + / I (x) s dMx)\^dx 




Note that the Sobolev embedding theorem implies that 

sup Yl <*> H+4 |dX*)|<sup £ (x) S+2 \d>(x)\<C s M X s 

\a\<s— 2 \a\<s—2 

for s > 2, where C s is a positive constant depending only on s. 
Our aim here is to show the following: 

Proposition 5.1 Fix some a > 19, andO < p < 1/100, say. Suppose that all the 
assumptions in Theorem \2.1\ are fulfilled. Assume that \\f\\ X 2<*+i + \\g\\x 2 ° < M 
with some positive constant M . Let u = (v,w) be the local solution for < t < 
T , and suppose < T < T . Then there exists a positive constant A = Aq(Mq) 
having the following property: For any A > A , there exists a positive constant 
£0 = ^o(A) such that 



implies 



sup \\d^ p (t, -)||l°°(r3) < As (5.1) 

0<t<T 



sup \\d UtP (t,-)\\ L oo {RS) < —e, (5.2) 



0<t<T 

provided that < e < eq. Here A and e are independent ofT and T 
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Once Proposition 15. II is established, by the continuity argument (or the bootstrap 
argument), we find that \\d ap {t, •) ||l°o( R 3) stays bounded as far as the solution 
exists, provided that e is small enough. Indeed, suppose that / and g belong to 
C£°(M?\ M. N ) at first. Then, taking the support of u into account, we see that 
(r3) is continuous in t. Noting that we have 11^^(0, ^Hi^rRS) < Ae 
for some positive constant A(> Aq), we see that (15. ip is true for some small T. Let 
T*(> 0) be the supremum of T (g (0, T )) for which (15. ip holds. If s G (0, e ], then 
by (15.21) and the continuity of \\d u>p {t, we conclude that T* = T (otherwise 

we meet a contradiction). In other words, if u is the local solution for < t < T , 
then we have sup 0<t<To ||d CT)P (t, < Ae, provided that e G (0, Sq\. We see 

that the same is true for general f,g£ 5(R 3 ; M. N ) through the approximation by 
Cg°-functions. This a priori estimate implies Theorem 12.11 immediately. 

Now we are going to prove Proposition 15.11 We assume that (15 .ip holds. In 
the following, various positive constants, being independent of A(> 0), e(< 1), 
T(> 0), and M , are indicated just by the same letter C. Thus the practical value 
of C may change line by line. Similarly C* stands for various positive constants 
depending only on Mq and finite numbers of derivatives of F. We always assume 
that e is small enough to satisfy Ae < 1, say. 

First we remark that for any nonnegative integer s, there exists a positive 
constant C s such that 

C- X \dip{t,x)\ a < \dZ a <p(t,x)\ < C 8 \d<p{t,x)\, (5.3) 

|a|<s 

holds for any smooth function ip, because of (I3.5p . We also note that we have 

(a;) -1 (t- {xiy 1 < C(t + Ixl)' 1 W-(t, (t, x) G [0, oo) x R 3 . (5.4) 

We fix some small and positive constant 5. Then we have 

W (t, \x\) < C(t+ \x\) 5 (t- \x\y 5 , (t, x) G [0, oo) x R 3 . (5.5) 

We will use (15.41) and (15.51) repeatedly in the following. 

The proof of Proposition 15.11 is divided into several steps. 

Step 1: Energy Estimate. Let < A < p/A. In this step, we are going to prove 
that 

sup (l + t)- x (\\v(t)\\ 2a + \\w^(t)\\ 2(7 + \\du(t)\\ 2a ) <C*e (5.6) 

0<t<T 

holds for small e, where || • || a is given by (13. 6p . The difficulty here is the lack of a 
natural estimate for ||iyW(i)|| 2<T (cf. Lemma [3.11) . To overcome this difficulty, we 
will use the following lemma that is easily obtained from the definition of Z and 
Q: 

Lemma 5.1 For any s > 1, there exists a positive constant C = C(s) such that 
we have 

\<p(t,x)\ B <C{\<p(t,x)\ + (t+\x\) \dip{t,x)\ s ^) (5.7) 
for any smooth function ip = <p(t, x). 
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In fact, for s > 1, we have 

\v(t,x)\ s <c(\p(t,x)\ + Y, E \Z a Z^(t,x)\ 

\a\=l \/3\<s-l 

<c(\<p(t,x)\ + (t+\x\) £ |0(#V)(*,*)l 



Ks-i 



which leads to (15.71) . thanks to (15.31) . 
Let \a\ = s < 2a. We set 

F ha = Z a {F l {u,du,d x du)} -J2^ka(^du)d k d a (Z a Uj ), (5.8) 

j,k,a 

where 7 = (7^) is from (jl.3p . Then we have 

(□ + m 2 ) (Z Q Ml ) -^Tfa^^M^n,-) = F i>a , 1 < % < N. (5.9) 

Note that we have \ [Z a , dkd a ]uj\ < C\du\ s by (13.51) . Hence, in view of (II. 3p . (13.51) . 
and (15.81) . from the condition (b-i), (15. ip . (15. 4p . and (15. 5p . we get 

\Fi, a \ <C (\v\ [s/2] + \w (ii) \ [s/2] + \du\ m+ i) {\v\ a + |w (ii) U + \du\ s ) 
+ C\u\f s/2]+2 (\u\ s + \du\ s ) 

<CAe(l + t)-\\v\ s + \w<-% + \du\s) 

+ CA 2 e 2 (t+ \x\}- 2+25 (t- \x\}- 2S 

x Ue (t + \x\y 1+s (t - \x\y 5 + (t + x) \du\s-i + \du\ s ) (5.10) 

at (t,x) G [0, T) x IR 3 . Here we have also used (15. 7p to estimate |it| a . Thus the 
term (t + \x\) \du\ s -i on the right-hand side of (15.101) should be neglected when 
s = 0. Since we have 

3+35 n — 1 n-38 < ^ .-3/2 

L 2( R 3) 

for 5 < 1/6, fl5TT0|) yields 

||^,a|| L2(K3) <CAe(l + + \\ W ^\U + II^IW 

+ CA 2 e 2 (l + ty 1+2S \\du\\ s ^ + CM 3 e 3 (l + t)~ 3/2 , (5.11) 

where the term CA 2 e 2 {l + i)~ 1+2<5 ||<9?i||,g_i should be neglected when s = 0. In 
view of the condition (b-i), from (15. ip . (15 .4p . and (15. 5p . we also get 

Mi < C(kli + + \9u\i + \u\l + \du\l) < CAe(l + 1)- 1 (5.12) 

at (t,x) G [0,T) x R 3 . Because of (Ol) and (I5.12p . we can apply Lemma [3J] to 
(15. 9p for small e. 
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For N3 + 1 < k < N 2 and < a < 3, let Qk, a be from the condition (b-ii). 
Because of (13.51) . we get 

3 

□ (Z*wf>) = £ E °£ d * ( Z ^N 3+jlb (u, du)) , 1 < j < N 4 (5.13) 

a,b=Q \P\<\a\ 

with appropriate constants C"jf . Remember that each is independent of 
itself. Thus, going similar lines to (15.101) and (15.111) . we get 

\\Gk,a(u,du)\\ s <CA£(l+t)- l (\\v\\ s + \\W^\\ S + \\du\\ s ) 

+ CA 2 e 2 (l + t)- 1+25 \\du\\ s ^ + CA 3 £ 3 (1 + ty 3/2 (5.14) 

at (t,x) G [0, T) x M 3 for s < 2a. As before, the term including ||<9u|| s _i on the 
right-hand side should be neglected when s — 0. 
We put 

E s (t) = \\v(t)\\ s + \\w^(t)\\ s + \\du(t)\\ s 

for s > 0. In view of (15. lip . (15. 12j) . and (15.141) . applying Lemma [37T1 to (I5.9P with 
|a| = s — 0, and applying Lemma [3T61 to (15. 13[) with |a| = s — 0, we obtain 

E {t) < C*e + CA 3 e 3 + CAe [ (1 + tY 1 E {t)(It. 

Jo 

The Gronwall lemma yields 

E (t) < (C*e + CA 3 e 3 ) (1 + t) CAe < C*e(l + t) CAe , (5.15) 

provided that e is small enough to satisfy A 3 e 2 < 1. From this, we can inductively 
obtain 

E s {t)<C^ s e{l + t) 2s5+CM (5.16) 

for < s < 2(j, where C* iS 's are positive constants depending on M Q and the 
nonlinearity F. In fact, if (I5.16P with s replaced by s — 1 is true for some s > 1, 
then applying Lemmas 13. II and I3T^1 to (15.91) and (I5.13P with \a\ — s, respectively, 
and using (15.111) . (I5.12p and (15.141) . we obtain 

E s (t) <C*e + C {A 3 e 3 + C*, s _iA 2 e 3 (l + t ) 2s5+CAs ) 

+ CAs [ (1 + Ty 1 E s (r)dT, 
Jo 

and the Gronwall lemma leads to (I5.16p . 

Finally, we obtain (15.61) from (I5.16P with s = 2a, provided that 5 in (I5.5P 
is chosen to satisfy Aa5 < A/2, and e is small enough to satisfy A 3 e 2 < 1 and 
CAe < A/2. 

Step 2: Decay Estimates, Part 1. By Lemma I3T51 and (15.61) . we get 

(x) (\v(t,x)\ 2 ^ 2 + \w^(t,x)\ 2 ^ 2 + \du{t,x)\ 2a _ 2 ) < C,e{l + t) x (5.17) 

20 



for (t,x) e [0,T) x M 3 . 

Similarly to (15.101) . we get 

\Fi\ a <C (\v\ a + \w<>% + \du\ 0+1 ) (\v\, + \wl% + \du\ s+1 ) 

+ C \ u \l+2(\ u \s+ \9u\s+l) 

<CAe ((t + |x|)" 3/2 + (t+ Ixl)' 1 W-(t, |x|)- 1+p ) (\v\ s + \w^\ s + \du\ s+1 ) 
+ CA 2 e 2 (t + \x\y 2+25 W-(t, \x\)- 26 (\v\ s + \w\ s + \du\ s+1 ) (5.18) 
for s < 2a. For p > and a nonnegative integer s, we set 

M«= sup (t+lxD'-'Woit^xDlw^^x)^ (5.19) 

((,i)€[0,T)xR 3 

Then, using (15.171) . we get 

(x) m 2a _ 3 <C*Ae 2 (t + |x|)- 1+A W-(t, Ixl)- 1 / 2 

+ C*A 2 e 3 (t + |x|r 2+25+A W-(t, \x\)- 25 

+ CA 2 e 2 M^ + (1/2))2CT _ 3 (t + \ X \)-M>»»x w _ {tj {xl) -3S 

< + CA 2 e 2 M^ + (1/2)j2ct _ 3 ) (f + \ x \)-W*»*-> WL(t, H)-"* 

where /x is a small and positive constant. Hence, by Lemma 13.31 and also by 
fl3TT3l of Lemma [331 with (p, «) = (A + (1/2), 1), we get 

M X+(l/2),2a-3 - C * ( £ + y4e2 ) + C M \l(l/2),2a-3- 

Therefore, if e is small enough to satisfy CA 2 e 2 < 1/2, then we obtain 

sup (t + |x|)- A+(1/2) W (t, \x\)\w^(t,x)\ 2a ^ =M« (1/2)) 



(t,x)e[0,T)x« 3 



2cr-3 

<C*e. (5.20) 



Using (I5.20p . we have 

(x) m 2a _ 3 < c*(Ae 2 + ^ 3 ) (t + \x\r {i/2)+x -" w^t, \x\r i+ ». (5.21) 

Hence, similarly to (I5.20p . Lemma [3.31 and (I3.14p of Lemma [3.41 yield 

sup (t+\x\y x - {1/2) (x) (t-\x\)\dw(t,x)\ 2(7 -4<C*e, (5.22) 

(*,i)e[o,T)xi 3 

provided that e is small enough. Going similar lines to (I5.18I) - (I5.21I) . we get 

(x) \Q k , a (u, du)\ 2 ^ 3 < C*(Ae 2 + A 2 e 3 ) (t + \x\)- {1/2)+x ^ W-(t, M)^, 
and applying Lemma [3.71 to (15.131) with |a| < 2a — 4, we get 

sup (t+\x\)- x - {1/2) (x)(t-\x\)\w^(t,x)\ 2a ^<C,£, (5.23) 
(M)e[o,T)xi 3 
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provided that e is small enough. 

Using (EUD, by ([EH]), (OUjl . and (15TT2]) . we obtain 



2^3/i i + \A+2<5 



|| (t + | • |) \\ L2 <C,Ae\l + t) A + CUV(1 + t) 



3_3 



(t+|.|)- 2 + 35 (t-|.|)— <CU £ 2 (l + t) 



-3<5 



\2A 



L 2 



for sufficiently small 5, and < e < A 1 . Hence Lemma [3.21 leads to 



(t+ \x\) 3/2 \v(t,x)\ 2 a-5 <Cje + Ae 2 Y, sup Xj(t)(1 + t) 

j=0 re(o,t) 



2A 



(5.24) 



Let 2 J - X <t<2 J with some nonnegative integer J. Then we have 



V sup Xj (r)(l + r) 2A = V sup Xj (r)(l + t] 

j=0 T£(0,t) j=Q r€(0,t) 



2A 



J 

< ^ 2 2(j+2)A 

j=0 



2 4A ( 2 2A(J+1) _ !) 



2 2A - 1 



< C(l + t) iA . 



A similar estimate for < t < 1 is trivially obtained. Now (15.241) leads to 

(t+\x\f /2) - 2X \v(t,x)\ 2a - 5 < C*e, (5.25) 

provided that e is small enough. 

Step 3: Decay Estimates, Part 2. We make use of the detailed structure of 
the nonlinearity from now on. For a smooth function $ = ; we define 



(C,C',C")=(o,o,o) 



(5.26) 
(5.27) 



$ (H) (^e',e") =Ht,?,n - $ (2) (^',o, (5.2s 

where (£, £',£") = ((»7,0> {v',0, iv",C")) as before, and ^ is given by Q. 

Since (F- 
d5HD, we get 



Since (F^) Nl+1<i<N satisfies the null condition, by (12.101) . Lemma H~Tj and 



|^ (W) | S <C(t + |x|) _1 (\w\ [s/2 ] +2 \dw\ s+1 + \dw\ [s/2 ]+i\w\ s+1 ) 
+ C{t+ {xiy 1 (t - \x\) \dw\ [s/ 2]+i\dw\ s+1 
<CAs (t + \x\y 2+s (t - \x\y 5 \dw\ s+1 

+ CAs (x)' 1 (t + {xiy 1 ((t - {xiy 1 \w\ s+1 + \dw\ s+1 ) (5.29) 

at (t, x) G [0, T) x R 3 for N x + 1 < i < N, provided that s < 2a. 
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For 1 < i < N, it is easy to see that each (v, dv, d x dv) is a linear combi- 
nation of (d a Vj)(d^Vk) with \a\, \/3\ < 2, and 1 < j, k < N%. On the other hand, 
each F^ KW \u, du, d x du) is a linear combination of (d a Vj)(d^Wk) and {d a Vj)wf 1 " > 
with |a| < 2, 1 < |/3| < 2, 1 < j < N 1 , 1 < fc < iV 2 , and 1 < / < JV 4 , because of 
the condition (b-i). Therefore (15. ip yields 

<C\v\ [s/2]+2 \v\s+2 < CAe (t + \x\)- 3/2 \v\ s+2 , (5.30) 
\F l iKW) \ s <C {W% s/2] + \dw\ [s/2]+1 ) \v\ s+2 + \v\ [s/2]+2 (\wW\ s + \dw\ s+1 ) 
<CAe (t + {xir 1 W_(t, \x\)- 1+p \v\ s+2 

+ CAe (t + \x\)- 3/2 (\w<®\. + \dw\ s+1 ) (5.31) 

at (t, x) G [0, T) x R 3 for 1 < i < N, provided that s < 2a. 

Since we have f/ H ^(m, du, d x du) = O (\u\ 3 + \du\ 3 + \d x du\ 3 ), we get 

\F^'\ S <C\u\ 2 [s/2]+2 (\v\ s+2 + \w\ a + \dw\ s+1 ) 

<CA 2 e 2 (t + \x\y 2+2S (t - \x\)~ 25 (\v\ s+2 + \w\ s + \dw\ s+1 ) (5.32) 

at (t, x) G [0, T) x JR 3 for 1 < i < N, provided that s < 2a. 

Let Ni + 1 < i < N in the following. Using (ET20j) . fl5^2|) . (15^31) . and (15^51) . 
from fl5T29l) . fl5T30|) . and flOTj) . we obtain 

(x) \F^ W) \ 2a _ 7 <C*Ae 2 (t+\x\y {3/2)+S+x W.(t, Ixl)- 1 - 5 , (5.33) 
(x}\F^\ 2a _ 7 <C,Ae 2 (t+\x\}- 2+2X } ( 5 - 34 ) 
(x) |if W) | 2(T _ 7 <C*Ae 2 (t + \x\y l+x W.(t, Ixl)" 1 (5.35) 

at (t,ar) G [0,T) x M 3 . Similarly, by fl5T3"2j) . we get 

<x> |F/ H) | 2 _ 7 <CUV (t + | x |)-( 3 /2)^ +2 a {t _ lxl) -i-2S 

+ CA 2 e 2 M^ 2a _ 7 (t + \x\}- 2+35+3X (t - \x\}- 35 (5.36) 

at (t,x) G [0,T) x R 3 , where M^ 2a _ 7 is given by (I5.19p . Since we can choose 5 
as small as we wish, 05.331) - (I5.36P lead to 

(x)|F,| 2CT _ 7 < (c if Ae 2 + CA 2 e 2 Mll 2u _ 7 ) {t + \x\y 1+3X ^ W.{t,\x\)- l+ ^ (5.37) 

for small fi > 0. Therefore, by (13.131) with (p, k) = (3A, 1), and by Lemma [3.31 
we obtain 

<C m (e + As 2 ) + CA 2 e 2 M^ 2(7 _ 7 , 

which leads to 

sup (t+\x\) 1 - 3X Wo(t,\x\)\wU{t,x)\ 2(7 _ 7 = M§ 2CT _ 7 (5.38) 

(i,z)e[0,T)xIR 3 
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provided that e is sufficiently small. Now (I5.37P and (I5.38|) yield 

(x) 1^12,-7 < C*Ae 2 (t + |a:|)- 1+3A ^ W-(t, \x\)~ 1+l1 . (5.39) 
Hence Lemma [3.31 and (I3.14p imply 

sup (t+\x\)- 3X (x}(t-\x\}\dw(t,x)\ 2 a-8<C,e, (5.40) 

(t,x)G[0,T)xR 3 

provided that e is sufficiently small. 

Now we are going to estimate w^ 11 '. Suppose that N 3 + 1 < k < N 2 , and 

< a < 3. Let SgPfcCO, ^M'), and (£,£') be given by 
(Q, fl5T26|) . dOZD, and (15T28]) . respectively, with $ = Gk,a{CA')- It is easy to 
see that ^„ , G^^, and £/£^ have similar structures to F^ K \ F^ KW \ and -F/ H \ 
respectively. On the other hand, in view of (12. lip , we find that G^a may not 
be written in terms of the null forms. Hence we divide w^ 11 ' into two parts: For 

1 < I < Ni, let itfj and wf be the solutions to 

3 
a=0 

wf ii} (0,x) = wf ] (0,x), c^ (iii) (0, x) = d t wf\<d,x), 

and 

Uw\ iy) = F { ™l N3+l (w,dw,d x dw), 
wf v) (0,x) = d t wl iv) (0,x) = 0, 

respectively. Since we have 

3 

F^l Ns+l {w, dw, d x dw) = J2d a [p { ^l l>a {w, dw)^j , 1 < / < JV 4 , 

a=0 



we get Wi(= wn 3 +i) = + wf v \ We put = (wj 1 u ') and = ) 
with 1 < I < N 4 . 

Note that we have Gk,a - = G k K } + £^ W) + G^- It is eas Y to see that 
G^}, @ka ' ■> anc ^ &ka en j°y the estimates corresponding to (15.301) . (I5.3ip and 
(15.321) . respectively. Hence, similarly to (I5.39p . we get 

<*> \Gk* - C } L-7 ^ c * Ae2 <* + Mr 1+3A_/1 w-(t, ixir 1 ^, (5.4i) 

and Lemma [3.71 yields 

sup (t+\x\)~ 3X (x}{t-\x\)\w {iii \t,x)\ 2r7 _ 8 <C*e. (5.42) 

(i,x)e[0,T)xR 3 

On the other hand, in view of f!5.33p . using (13.131) with (p, k) = (0, (3/2) — 2A), 
we get 

sup (t+\x\) (t-\x\) {1/2) - 2X \w (iv \t,x)\ 2 ^ 8 <C,e, (5.43) 

(t,x)e[0,T)xM 3 
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since we may assume /i + 5 — X < for small /x > 0. Summing up, we obtain 

sup (t+ |x|) 1_3A W_(t, |x|) (1/2)+A | W (ii) (t,x)| 2ff _ 8 < C*e, (5.44) 

(t,i)e[0,T)xI8 3 

provided that e is sufficiently small. 

Step J.: Decay Estimates, Part 3. Let 1 < % < N% in this step. Motivated by 
the technique in [2J, [IH] and [2JJ], we introduce 

Vi = Vi — m^F^ (w, dw, d x dw) (5.45) 

in order to treat F i . Then we get 

(□ + mj) Vi=Un + ml) in - F/ w) (w, dw, d x dw) } 

- mfU ^ w) (w, dw, d x dw)\ . (5.46) 

From the condition (b-i), we can write 

F^\w,8w,d x dw)= E Pt aP {d a Wj){d p w k ) (5.47) 

l«l,l/3|<2 l<j,k<N 2 

with appropriate constants P^ fcQ/3 ; where pi kal3 vanishes either when f < j < N 3 
and \a\ = 0, or when 1 < k < N3 and \/3\ = 0. Since we have 

for any smooth functions ip and ip, from (I5.47P we get 
where 

^ (W) = 2 E E ^OoC^i,^*), (5-49) 

M,l/3|<2 l<j,k<N 2 

^ (H) = E E ^{(^ 1+J )(9V) + (^)(^ 1+fc )}. (5.50) 

M,l/3|<2 l<j,k<N 2 

Note that each F^ w - ) is written in terms of the null forms, and we can expect 
extra decay for F^ W \ On the other hand, each F^ is a function of cubic order 
with respect to d a Uj with \a\ < 4 and 1 < j ' < N. From (I5.46P and (I5.48p . we 
obtain 

(□ + m?) * = F™ + F^ - m" 2 ^ + (F™ ~ -r^ H) ) • (5.51) 
By fl5T30D and ipTBj) . we have 



+ l • I) l^ (K) U._ in <C^(l + t)-^|| w || 2(T _ 8 



» I2ct-10 L 2 



1/2 I 



^CUe^l + t)*"^). (5.52) 
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Similarly to (15351) and (153511 . but using (15381) . (15^01 and (15^41 instead of 
(15301 . (15321) and (153511 . we obtain 



(*+N)|^ 
(*+N)|^ 



(W)| 



<CU^ 2 (x) _1 (t + |a:|) 



1 2(7-10 



-1+5+3A 



-1-5 



(5.53) 



(KW)| 



I 2ct-10 



<CUe 2 (t + |x|)" (3/2)+3A |x|)- (1/2) ~ A (5.54) 



at (t, x) G [0, oo) x IR 3 (for the later usage, we note that (I5.54p is also true for 
1 < i < N). Since we may assume 5 < 1/2, from (I5.53P and (15.54j) we obtain 



(* + H>(l^ (w, L-,„ + l*f w) 



2cr-10 



L-' 



L 2 



<CU^ 2 (l + tr (1/2)+3A . (5.55) 
Going similar lines to (15.321) . and then using (I5.6P and (15.381) . we obtain 



(t + \-\)\F^+mfF^ 



2(7-10 



I? 



< CA 2 e 3 (l+t)- 1+2S (^|| 2(J -io + \\w<® ||2(7-io + 



2(7-7 



C*A e 3 



(t+\-\) 



-2+3<5+3A 



(*-|'l> 



-35 



L 2 



< C*A 2 e 3 ((1 + t)- 1+x+2S + (1 + t)-( 1 /2)+3A) 
Summing up, we have proved 



(t+|-|)|(D + m 2 ) 



12(7-10 



L- 



<C*Ae 2 {l + t)- x '\ 



(5.56) 



(5.57) 



because A < 1/12 and 8 <C 1. Now Lemma [3.21 implies 



sup (i + |x|) 3//2 \v (t, x)\ 

(t,x)e[0,T)xK 3 



2(7-14 



<C,(WA£ 2 V sup Xi(r)(l + r)- 1/4 ) < G»e, 
V 7^ re(o,t) y 



(5.58 



because we have sup rg ( ,t) Xj( r )(l + r ) ^ 4 < 2 ( J for j > 1. From (15.401) . 
dBHU) and (15T47]) . we get 



,(W)| 



_ 14 <C (|0H«x+i + k (ii) |(7 +2 ) (l^lar-ia + k (ii) |2<7-i 4 ) 



12(7-14 



<CU^ 2 (t+|a;|) 3A - 2 , 
which, together with (I5.45P and (15.581) . yields 

,3/2 



SUp (t+\x\}' \v(t, x)| 2ct -14 < C*£ 

((,i)e[o,T)xi 3 



(5.59) 
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for small e. 

Step 5: Decay Estimates, the Final Part. Let N% + 1 < i < N. Similarly to 
( 15.531) . we get 

( x ) \ F ^L-9 ^ C * A ^ (t+\x\r 2+6+3X W.(t, Ix])- 1 - 6 . (5.60) 
Therefore, using (I3.13P with (p, k) = (0, 2 — 4A), we get 

sup (t+\x\)(t-\x\) l - 4X \w (iv \t,x)\ <C,e, (5.61) 

(i,z)e[0,T)xR 3 

which, together with (I5.42p . yields 

sup (t+lx^-^W^t^xlY^w^^x)] <C,e. (5.62) 

(t,i)e[0,T)xR 3 

By (15T30D and (15391) . we obtain 

( x ) \ F i K) L-i6 ^ C * A£2 (* + Ni> -2 < c*^ 2 (* + kir 1 -" (* - M)^ 1 ( 5 - 63 ) 

at (t,x) G [0,T) x M 3 for small p > 0. From flEDfl , (l5~4"0l . fl539|) . and (15T62D . we 

get 

<*> K KW Vi 6 ^*^ 2 <* + w> 3A ~ (3/2) wr 14 * 

<CUe 2 (t + (t - \x\y- 1 (5.64) 

for small p > 0. On the other hand, flQ2) , (15^01) . (15351) . and (15321) yield 

<*> l*?V w <^ 3 (* + wr (5/2)+25 <* - wr 25 

+ cavm£Li6 (t + |x|)- 2+M (t - \x\r 3S 

+ C^V (t + \x\}- 2+25+3X (t - Ix]}'- 25 - 1 
<(CUV + CA 2 e 2 M^ a _ w ) (t + Ix])- 1 -^ (t - \x\y~ 1 (5.65) 

at (t,x) G [0, T) x M 3 . Since we may assume 6 + 3A < 1/4, say, from (15.601) . 
(15341) . (15331) . and ([535]) . we obtain 

(x) |F,| 2cr _ 16 < (CAe 2 + CAVM^Lie) (* + W_(t, \x\Y~ 1 - (5-66) 

Now Lemma [3.31 and (I3.13P with (p, k) = (0, 1) imply 

<L 16 < a( e + Ae 2 ) + ca 2 6 2 m ( ;L_ 16 , 

which leads to 

sup (t + \x\) W (t, M)M%x)| 2(7 _ 16 = m£L_i 6 < C*£, (5-67) 
(M)e[o,T)xi 3 
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provided that e is small enough. By (I5.66P and (I5.67p . using Lemma 13.31 and 
(13.141) . we obtain 

sup (x) (t - \x\) \dw(t,x)\ 2a -i7 < C*e, (5.68) 

(t,x)e[0,T)xR s 

provided that e is small enough. 

Going similar lines to (I5.63I) - (I5.66I) . and using (I5.67p . we obtain 

<*> \<3k« - CVie ^ c ^ 2 (*+ wr 1 -" \x\y-\ (5.69) 

and Lemma [3.71 yields 

sup (x) (t- \x\)\w^\t, x)\ 2a _ 17 <C*e. (5.70) 

(t,x)e[0,T)xM 3 

Now, flBTBTj) and flBTTUD imply 

sup (f+larDWL^IzD^l^^^l^iT^ae, (5.71) 

(i,x)g[0,T)xR 3 

provided that £ is small enough, since 4A < p. 

Step 6: Conclusion. Finally, fl539|) . (157671) . (15768]) . and (I577I1) yield 

sup \\d a>p (t, OIU-fRS) < C Q e (5.72) 

0<i<T 

for e < £o(^4), where £o(^4) is a positive constant depending on A, and Co is some 
positive constant which depends on M and F, but is independent of A, e and 
T. We put A = 2C - Now (157721) implies ([572]) for A > A and e < e {A). This 
completes the proof of Proposition 15.11 
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